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Today s Learning Goals 


I Evaluate integrals using the substitution (usub) method 
I Understand how to choose u 


| Understand which functions can be evaluated with the 
substitution method 


I The substitution method is a change of variable in the 
integral that simplifies the integrand into f(u) du for a 
function f we recognize 


Functions we already know how to integrate directly: 


X ,sinaX,cosaX 
cscaxcotax 
secex tangy 
sec(ax,csc(ax 
S MO pe 

1 1 


1+(a9° .1- (ax? 


Method of u-substitution 


This method is the reverse of the chain rule 
for derivatives: 


LetF beanantideritweof f. Letu = of x. 
JEI) :g/G9dx- | Fu) du— F(u) + C 
Inother word 

J f(stuff (stuff dx= F(stuff + C 


u-substitution with Definite Integrals 


b 
To evaluaté/( AH) (DAX 


setu = g(x) andchangthaimits 


ofintegratmkomatch tmewvariabk 
g(b) 


[Mawar [f()du 


g(a) 


Example ESE T (vi) i 
Vi sin (V) 


Example 1.2: e da 
lan) 


Example 1.3: Evaluate/1 + wdw 


Examp le 2: Evaluate the Integral. 


Example 3.2: 


Evaluate the following Indefinite 
integral: J tan(1)dx 


Evaluate the following Indefinite 
integral: 


Example 3.1: 
EE 


Hint: 
Take 


to get that 


(logarithmic 
derivative) 


Additional Irig Formulas (Know now to derive 
these): 


ftant du=lnseał + C 

fsec) duzlnseai+ tani + C 
jeot@ du-lnsinu + C 

{csc du=- Incscu+ cotu + C 


Evaluate the following indefinite 
integral: 


Extra problems (limits of integration VEI 5 
x cos(1“)dx 
0 


VHIGHEMIQe PIUNTETTI VIUI SI TA UOVVVITIY UIY SUNS — 


later Evaluate the following indefinite i / 
integral: / l — x*dx 
0 


Hints: 
1. See that 


2. Write 


3. Use the identity 


CI 


the course VI 


Today s Learning 

Goals 
Understand what Is meant graphically 
by Integrating the difference between 
two functions (solve for intersection 
points between the two curves on the 
interval) 


Set up an integral to find the total area 
bounded between two curves 


Evaluate numerically the area 
bounded between two curves 


Be able to express the integration in 
terms of either x or y, depending on 
the function(s) 


Area Between Iwo Curves 


To find the area between two curves, 
written as functions of X: 


b b 
A= f(X- g(3 |dx= [op bottodax 


To find the area between two curves, 
written as functions of y: 


b b 
A= [| EV- AY | dy= [right leftdy 


Steps to Evaluating Area 


Where do the curves intersect? 
Break up the Interval [a,b] into 
sub-intervals based on points 
of intersection. 


For each subinterval, which 
function Is bigger? 


Integrate top-bottom or right- 
left on each subinterval. 


Example 1: 


thevurve gronda 2x- Bandy=x - 4x+1 
andthdinesx-1andx-3. 


Example 2: 


Find the area of the region bounded by 


X+ - y =0andx- Bus =0. 


LUBE 


Example 3: Find the area bounded by the curves 
x= y andx=./ y. 


0 
1/3 
2/3 
1 


JOW 


FINA le area OF LIVE regioni DOUNGEUO DY 


Example 4: the curves 


y=cosxandy=sinQx) on 


07): 
2 


Section 8.2: 
Integration by:parts 


Math: 1552 lecture slides adapted from the course materials 
By Klara Grodzinsky (GA Tech, School of Mathematics, Summer 
2021) 


Review Ouestion: Evaluate the integral. 


I Identify which functions can be solved using the 
method of Integration by parts 


| Understand how to choose the values of “u” and “dv” 
J Evaluate integrals using integration by parts 


Formula for Integration by Parts 


Integration by parts comes from the product rule for 
differentiation. 


[u dv=uw jvau 


Differentiate uto obtain du. 
Find v by taking an antiderivative of dv. 


(fg) > fig+fg => 
f(«)9(2) = / f'(x)g(x)dz + / f(x)g’(a)da 


RUIes Lo Apply integration DY 
Parts 


The original integral CANNOT be 
evaluated by a normal u-substitution 
alone. 


Begin by rewriting the original 
function as the product of two pieces, 
uand dv. 

We must be able to integrate dv! 


The new integral should be easier 
than the original problem. If not, try a 
different choice for uand dv. 


VVITETI LO USE IfIL CUI AUO Dy 


Parts 


Use integration by parts to evaluate the integrals of: 


K. Groazinsky, School of Mathematics, Georgia Tech, 2019 


Inverse functions 

Logarithmic functions 

Functions that are combinations of more than one type 
of function (i.e., polynomials, trigonometric, 
exponential, logarithmic functions) 

Note: We can combine IBP with the methods we have 
learned so far (e.g., start with a u-sub and then apply 
IBP after simplifying) 

After practice, you should be able to spot IBP type 
integrals quickly 


Hints about IBP techniques 


DO NOT use tables, or tabular integration methods, 
you have seen before in this class! 

Start with a blank slate of parameters you need to find 
organized like the following: 


— dv = 
TRU [M 
Be prepared to apply IBP more than once, e.g., t 


Y verde 
evaluate 


If nothing else works, you can alwayšttakel -dz 
We will see many examples in the next slides 


Order In which to choose 


Choose u according to the /LATE rule: 
I - Inverse Functions, (x), cos! (a tan (x) 
L - Logarithmic Functia), log(x), log, (a) for b > 0 
A - Algebraic Expressions Vs js ka rational 1...) 
functions, etc.) n 
T - Trigonometric Functions”) Asa. x), tan(z) 


E - Exponential Functiorf ;€ 3° 


Tip: In the event of a "tie" in the /LATE rule, 
pick u to be the simplest of the two functions. 


Example 1 (inverse functions): 


Evaluate the integú8in (Wax 


What should we choose for the value of u In tne 
integral 


fxsing) cost) dx? 


A. X 

B. sin(x) 

C. cos(x) 

D. sin(x)cos(x) 


Example Evaluate the integráxsin(9 cos) dx 


Example 3:Evaluate the integ a(ln x) “dz 


What should we choose for the value of u In the 
integral 


[sin[In lax? 


sin(x) 
In(x) 
sin[In(x)] 
dx 


000> 


Example 4: 


ker den: Evaluate the ntegrásin[ Ink |dx 


We will do IBP twice 
and then solve a 
system for the original 
integral 

(after a substitution) 


Exam ple 6 Evaluate the ntegraf z^ In(z)dz 


Other examples of the IBP method to try: 


Practice which functions to take as u and dv (u-sub 


fir Nr 3 
ure” du 


favi + ldz 


Other examples of the IBP method to try: 


Practice which functions to take as u and dv (u-sub 
fi ae 


a! \/ 37? + 5dr 


Other examples of the IBP method to try: 


Practice which functions to take as u and dv (u-sub 


first?): 
fes (da 


